HARMONICS FOR DEFORMED STEENROD OPERATORS 
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Abstract. We explore in this paper the spaces of common zeros of several deforma- 
tions of Steenrod operators. 
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1. Introduction 

In recent years many authors have studied variations on a striking classical result of 
invariant theory holding for any finite group W of real n x n matrices generated by 
reflections. Roughly stated, this result asserts that there is a natural decomposition 

M[x] ~M[x]^®M[x]vi. (1.1) 

of the ring of polynomials M[x], in n variables x tensor product of 

the ring M[x]'^ of ly-invariant polynomials, and the 'W-coinvariant-space" ]R[x]vk- This 
last is simply the space obtained as the quotient of the ring M[x] by the ideal generated by 
constant-term-free 14^-invariant polynomials. One of the many interesting reformulations 
of (11. ip goes through the notion of W-harmonic polynomials, i.e.: the polynomials /(x) 
that satisfy all partial differential equations of the form 

p(ai,a2,...,9„)/(x) = 0, (1.2) 

with p((9x) = p{di,d2, . . . ,dn) varying in the set of differential operators obtained by 
replacing each variable Xi by the derivation with respect to this variable, here denoted 
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di, in constant-term- free H^-invariant polynomial. Indeed, one can show that the solution 
set of fll.2p is isomorphic as a ly-module to M[x]iy. Further striking facts about the space 
Tiw of VT-harmonic polynomials are that 

(a) Tiw has dimension equal to the order of W . 

(b) Tiw is the span of all partial derivative (of all orders) of the single polynomial 

A^(x) := det f (1.3) 



dxi 



where the /j's vary in any n-set of algebraically independent generators of the 
ring of VT-invariant polynomials. 

In the special case of W equal to the symmetric group 6„, the conditions in ( 11. 2p are 
equivalent to /(x) being a solution of the system 

(9i + ... + a„)/(x) = 

{di + .-. + dDfip.) = 
(9r + ... + 5;^)/(x) = 

Observe that the second equation corresponds to the vanishing of the laplacian of /(x). 
Hence solutions of (11. 4p are indeed harmonic functions in the usual sense. However, the 
extra conditions appearing in (ll.4p clearly make for a stronger notion. It follows that, in 
the symmetric group case, the polynomial Ag is simply the Vandermonde determinant 

i<j 

The purpose of this work is to study twisted versions of system (II. 4p . More precisely, 
instead oi d'l + . . . + d^, we will rather consider operators of the form 

n 

D,■.= J2ci^,kX^^'l^'+b,,k^f, (1.5) 
i=l 

with some parameters aj^^ and bi^k- We then consider the solution set Tix of the system 
of partial differential equations 

Z}fe/(x) = 0, k>l. (1.6) 

The index x, in Tix, is to underline that we are dealing with polynomials in the n variables 
x = xi, . . . , Xn- Observe that the operators are homogeneous. We say that they are 
of degree —k since they lower degree of polynopmials by k. It follows that ?ix is graded 
by degree, and that it has the direct sum decomposition 



Hx = 07rrf(7^x), 



d>0 
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with Tid denoting the projection onto the homogeneous component of degree d. In par- 
ticular, it makes sense to talk about the Hilbert series 

Hn{t) ■.= J2t''dim{7Td{n^)), (1.7) 

d>0 

of the space Hx- Clearly the right-hand side of (11.71) depends only on n, the number 
of variables, rather than on the actual set variables. It also implicitly depends on the 
choice of the parameters aj^^ and bi^k- Recall that the Hilbert series of the space 7ie„) 
of 6„-harmonic polynomials (which corresponds to setting ai^k = and bi^k = 1) is the 
classical t- analog of ra!: 

" 1 j-k 

M!t :=n^3y = (i + ^)(i + ^ + ^')---(i + i + --- + i""')- (1-8) 

k=l 

As we will see later, this is a "generic" value for Hn{t). 

2. Dual operators and hit-polynomials 

Before going on with our discussion, let us consider an interesting dual point of view. 
Following a terminology of Wood [5] , we shall say that a polynomial is a hit-polynomial 
if it can be expressed in the form 

f{^) = J2Dl9k{^), (2.1) 

k 

for some polynomials 5'/t(x), with standing for the dual operator of with respect 
to the following scalar product on the ring of polynomials. 

For two polynomials / and g in ]R[x], one sets 

(/,^?):=/(5x)^(x)|_o- (2-2) 
In other words, this corresponds to the constant term of the polynomial resulting from 
the application of the differential operator /(9x) to 5'(x). A straightforward compution 
reveals that, for two monomials x*^ and x^, we have 

I otherwise, 

where, as is now almost usual, a! stands for ai!a2! ■ ■ ■ a„!. This observation makes it clear 
that (12.21) indeed defines a scalar product on M[x]. Moreover, the dual of the operator 
(9f is easily checked to be multiplication by xf. It follows that 

n 

Dl = ^tti^kXi^^di + bi^kX-. 

i=l 

From general basic linear algebra principles, it follows that the space of TYx? of general 
harmonic polynomials, is orthogonal to the space of hit-polynomials. Moreover, since 
the subspace of hit-polynomials is homogeneous, the corresponding quotient C of M[x] , 
by this subspace, is isomorphic to TYx as a graded space. 
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For a composition a = (ai, ^2, . . . , am), let us set 

D* = D* D* ■■■D* 

Note that the operator Z^*, as it acts on polynomials, increases degree by 

|a| := ai + a2 + ■ ■ ■ + a^- 

We write a |= ra, whenever a is a composition of n, i.e.: |a| = n. We shall refer to |a| as 
the degree of D*. Clearly partitions are special instances of compositions. Recall that 
write A h n to say that A is a partition of n. We denote A(a) the partition obtained by 
rearranging the parts of a composition a in decreasing size order. This given we have 

Proposition 1. Let the operators Dl be such that 

[DlD*]=c,jDl^^, (2.3) 

for some constants Ckj ■ Then, for all d > 1 the family of operators 

{D*x}x\-d, 

spans the vector space spanned by the collection {-D*}^^^. 

Proof. We show recursively that any composition a \= d can be expanded as 

D: = J2^a,,D; (2.4) 

assuming that such an expansion exists when a has less than m parts or less than r 
inversions. Evidently, when a has inversions, or just one part, it is a partition and we 
have nothing to show. When a has r inversions and m parts, suppose that one of its 
inversions occurs at the i*^ part of a. This is to say that we have ai < Oi+i, and we can 
use ( 12. 3 p in the form 

D* D* = D* D* + c D* 

to rewrite D*, = AD*„D*„ B as 

Dl = A Dl^^pi^ B + c„,,„^^, A B (2.5) 

withA:=£)* ■ ■ ■ D* axid B := D* ■ ■ ■ D* . We need only observe that the first term 
of the right-hand side of (12. 5p corresponds to a composition with less than r inversions, 
while the second term has less than m factors. We thus need only apply the induction 
hypothesis to each term to complete the proof. □ 



3. g-STEENROD OPERATORS AND g-HARMONICS 



For our first exploration of the spaces Ti^, we consider the special case corresponding 
to setting 

tti^k = q, and bi^k = 1, 
for all i and k. The resulting space is henceforth denoted 7Yx;g- An element of 7^x;g is said 
to be a g-harmonic (polynomial). Observe that for g = we get back the more classical 
notion of 6n-harmonic polynomials. In other words ?ix;0 = 'He^. The space TYx;^ has 
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been introduced by Hivert and Thiery (in [3]) as a generalisation of spaces considered 
by Wood in [3]. Using the notation 

n 

1=1 

it is interesting to observe (as did Hivert and Thiery) that 

[Dk;q, Dj.y] = q{k - j)Dk+j-g, (3.1) 

where [A, B] stands for the usual Lie bracket AB — BA of operators. Indeed, this operator 
identity readily implies that, whenever g 7^ 0, 7-^x;g is simply characterized as the solution 
set of just the two equations: 

Di;J(x) = 0, and 1^2; J(x) = 0, 

since all other equations, with k > 2, follow from successive applications of fl3.ip . whose 
left-hand side involves operators with lower values of k. 

Recall that the ring of polynomials M[x] can be considered as a ©„- module for the 
action that corresponds to permutation of the variables. This action restricts to a natural 
6„-action on the space 7Yx;q, since the operators Dk-q are symmetric. It is classical that 
7Ye„ = '^x;o is isomorphic, as a S„-module, to the regular representation of S„. A 
conjecture of Hivert and Thiery, states that this is also the case for 7ix;g- 

Conjecture 1 (Hivert-Thiery). 74s Qn-modules, the spaces 'Hyi-^q is isomorphic to 7ie„; 
when q > 0. In particular, this implies that the Hilbert series ofTi^-g is [n]\t. 

Formula fll.Sp is but a shadow of a finer formula describing the decomposition of each 
homogeneous component of Tix-q into irreducible representations. As is well known, 
such decompositions can be expressed in a nice compact format for all graded invariant 
S„- modules 

v = 0v., 

through the graded Frohenius characteristic: 

Here x^"^ stands for the character of the homogeneous invariant subspace V^, and A(cr) 
is the partition of n corresponding to the cycle decomposition of the permutation a. 
Moreover, as in Macdonald [1], p\ denotes the power sum symmetric function. Recall that 
one recovers the required graded irreducible decomposition of V through the expansion 
of Tvif) in the Schur function basis: 

^v{t) = ^^nxit) sx- 

Ahn 

The coefficient of s\ in Tv{t) is the series (or polynomial, when V is of finite dimension) 

nx{t) = ^nx^f^, 

d>0 
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such that n\^d is the multiphcity of the irreducible representation indexed by A in the 
homogeneous component V^. 

It follows from (11.11) and conjecture [1] that the graded Frobenius characteristic Fn{t) 
of "Hx;? (and HeJ is 

FM = ln]k(l-trj:il^\j^^) . (3.2) 
where dk = dk{X) is the number of size k parts of A. Thus, for n = 3, we get 

^(1 +t){l+t+t') + '^{l-t){l+t+t') + ^(1 - tf{l + 1) 

z 3 

which expands as 

S3 + t{l + t)s2i+t^ Sill, 

in term of Schur functions. In other words, the space T^gg contains one copy of the 
trivial representation (encoded by S3) in its degree homogeneous component, one of 
the sign representation (encoded by Sm) in its degree 3 component, and one S21 encoded 
representation in both its degree 1 and 2 components. 

The graded Frobenius characteristic -F„(t) of the harmonics of S„ can also be written 
(see |4]) in the form 

F„(t) = 5^s, Yl (3-3) 

Ahn rG5T{A) 

where the inner sum is over all standard Young tableaux of shape A, and co(r) stands 
for the cocharge of a tableau r. If nx stands for the number of standard Young tableaux 
of shape A, then formula (13.31) and a classical symmetric function identity, gives 

Ahn 
= ^1- 

Recall that there is a natural indexing of irreducible representations of ©„, by partitions 
A of n, such that the dimension of the irreducible representation indexed A is tt-a- 

4. Tilde-Harmonics and Hat-Harmonics 

We now consider another interesting special case that is somewhat dual to that of the 
last section. Namely, we suppose that all bi^kS vanish, and all aj^^'s are equal to 1. In 
formula, we consider the space of common zeros of the operators 

n 
i=l 
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which is called the space of tilde-harmonics, and denoted Tix- Notice here our use of 
dot-product notation between the "vectors" x and 9x = It will reappear 

below. Just as for fl3.1l) . we easily check that 

[Dk,D,] = ik-j)Dk+„ (4.1) 

hence Ti^ is also simply the set of common zeros of the two equations 

5i/(x) = 0, and 52/(x) = 0. 

Once again, TYx affords a natural action of the symmetric group since the operators Dj- 
are symmetric. The associated graded Frobenius characteristic is denoted Fn{t). 

Computer experimentations reveal a number of surprising facts about this space. Let 
us denote Ti.n{t) the associated Hilbert series, so that 

7^2(t) = l + 2t + t^ + t^, 

H^it) = l + 3t + 3t'^ + 4:t^ + 2t^ + 2t^ + t^, 

U^it) = 1 + 4t + et^ + lOt^ + + llt^ + + + 5t*^ + + 

Specializing t = 1, we get the global dimension of TYx for which it is not to hard to guess, 
after more explicit computations, that we apparently have 

di-^x = E^- (4-2) 

k=0 

Of course, the Hilbert series of Tix has to have some t-analogue of this. More experiments, 
and a result present below, suggest that the right candidate should be 

^"W = E(^)^'[^]*'- (4.3) 

Indeed, modulo one further natural conjecture, this follows from a very explicit descrip- 
tion of ?ix outlined below. To state it we need one more family of operators and yet 
another version of harmonic polynomials. For each k > 1 consider the operator 

n 

1=1 

which are alternatively described as 

n 

Dk = Y,x^^■^' + ik + l)^'[. 

1=1 

Now, we introduce the space 

:= {/(x) e M[x] I 5fc/(x) =0, VA; > l}, 

whose elements are said to be "hat-harmonics" . We will soon relate the two notions of 
tilde and hat harmonics. Experimentation suggest that TYx has dimension n\, and that 
even more precisely we have the following. 
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Conjecture 2. ^45 a graded &n-module, is isomorphic to the space of &n-harmonics. 

Now, for any given /c-subset y of the n variables x, let us consider the space Hy, and 
write 

for the elementary symmetric polynomial of degree k in the variables y. As usual, we 
define the support of a monomial to be the set of variable that appear in it, with non-zero 
exponent. Clearly, y** has support y if and only if y*^ = Cyy'^, for some b. We can now 
state the following remarkable fact. 

Theorem 2. The space of tilde-harmonics has the direct sum decomposition 

^x = 0ey7iy, (4.5) 

yCx 

if we consider that hat-harmonics for y = are simply the scalars. 

Proof. Let us first observe that any polynomial / in M[x] decomposes uniquely in the 
form 

/ = E^y/y (4-6) 

yCx 

with fy in ]R[y]. This decomposition is simply obtained by collecting terms with respect 

to support. If all fy are chosen to respectively lie in Tiy, then / is in Tiy^. Indeed, we 
can easily check the operator identity 

Dke^ = e^Dk, (4.7) 
where ex stands for the operator of multiplication by e^. Observe that, for all k, we get 

(X-9/ + ^)/ = 5^(yay'^ + ^)ey/y 

yCx 

= T.^yidy'^'-y)fy 

yCx 

Hence / is in Tix, if and only if each fy lies in Ti.y. In other words, we get 

0ey?^y = T^x, (4.8) 

yCx 

thus finishing the proof. □ 

Note that this argument goes through, exactly in the same maner, if we consider the 
more general case of operators and D^, with the a/c's equal to or 1. The intent 

here is to restrict the set of equations considered to those k for which ak takes the value 
1. The corresponding spaces are denoted Ti^ and H^, with similar convention for the 
corresponding Hilbert series and graded Frobenius characteristics. It follows that, even 
in this more general context, we have 
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Corollary 3. For all choices of a^, 

fc=0 ^ ^ 

In particular, if conjecture [2] holds then (14 .Sp holds, and this immediately implies (14.21) . 
There is an even finer corollary of Theorem [2l 

Corollary 4. The graded Frohenius characteristic ofTi.^ is given by the symmetric func- 
tion 

n 

F:{t) = Y,t'm)h^.,{z) (4.10) 

k=0 

Proof. Let x = y + z (disjoint union), and denote Sx the group of permutation of the 
variables x. Recall that, if /(y) is a polynomial which under the action of Sy generates 
an irreducible module with character (for some X\- k), then under the action of ©x 
it will generate an ©x-module whose character is obtained by inducing, from 6y x ©z 
to ©X5 the product of by the trivial character of ©z. In particular it follows that the 
Frobenius characteristic of the ©x- module generated by /(y) will simply be sx hn-k- It 
follows that the Frobenius characteristic of the direct sum 

yCx 

is given by the polynomial in (I4.10p . □ 

Observe that conjecture [2] implies that Fk{t) is equal to Fk{t), the graded Frobenius 
characteristic of the harmonics of ©„ given by formula (13. 3p (or equivalently (13. 2p ). 

A conjecture of Wood [5l conjecture 7.3] is thus partially addressed. It states that 
a part of the quotient C of the ring M[x], by the subspace of hit-polynomials for the 
operators Dk, affords as a basis the (equivalence classes of) monomials x*^, with a = 
(ai,...,a„) such that 1 < ai < i. In fact, our discussion suggests that the full basis 
is given as the set of monomials y**, with a = (ai, . . . , a^) such that 1 < < i. Here 
y varies in all fc-subsets of x (with induce order on variables), and k goes from to n. 
Thus, for n = 3 we would get the basis 

1, Xi, X2, X3, XiX2, Xixl, X1X3, X2X3, X2x|, 

2 2 2 2 3 2 3 

XiX2X3^ X1X2X3, X1X2X3, X1X2X3, X1X2X3, X1X2X3. 

In view of Theorem [2], Wood's conjecture is a consequence of Conjecture [2] and the fact 
that C is isomorphic to Tix 

clS db graded ©„ -module. 

5. More on ^-harmonics 

We will now link the study of harmonics of the Dk to further our understanding of 
the common zeros of the operators Dk:q, in the case when q is considered as a formal 
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parameter. Our point of departure is the following important fact. Let us denote the 
generalized Laplacian 

thus we have 

Dk:q = qDk + Vfc. 

Then 

Theorem 5. Up to a power of q, every q-harmonic polynomial f may be written in the 
form 

f = fo + qfi + q'f2 + --- + q"'fm (5.1) 
with fi G M[x], and such that for all k > 1 we have 

(a) Vfc/o = 

(b) V,/, = for all z = 2,...,m-l, (5.2) 

(C) Dkfm. = 0. 

In particular, it follows that for any r > 0, and any choice of ki,k2, ... ,kr > 1, the 
element 

Vfe,Vfe,---VfeJ. (5.3) 
is a &n-harmonic polynomial in the usual sense. 

Proof. Clearly (15. ip can be obtained by expanding the given element in powers of q. 
The identities in ( 15. 2p are then immediately obtained by equating powers of q in the 
identity 

Vkf = -qD,f 

In particular we see that /o must necessarily be harmonic, and this shows the case r = 
of (15.30 . We can thus proceed by induction and assume that (15.31) is harmonic for r — 1. 
This given, it follows that, for any ki, k2, . . . , kr and k > 1, we have 

A[Vk^,Di]Bfr-i = KAVi+k^Bf,^i 
= 

with A standing for the operator V^^ • ■ ■ Vk^-i, and B for V^^^i ■ ■ ■ V^^. This may further 
be rewritten as 

A VkM B fr-i = A DeVk, B 

which implies that 

Vfc, Vfc, ■ ■ ■ VkMr-i = DeVk.Vk, ■ ■ ■ Vkjr^i (5.4) 
But the inductive hypothesis gives 

AVfe.Vfc, ■■■VfcJ,_i = 
and thus (15.41) combined with (15.21) becomes 

-Vfc,Vfc,---V,vV,/. = 
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This brings us in a position to recall the following basic result of Hivert-Thiery 

Theorem 6 (Hivert-Thiery). LefK denote the field 'R[q) of rational fractions in q, and 
set 

I := (ei,e2, • • • , e„)K[x] (5.5) 

The vectors spaces 7ix;g (^iT'd T are complementary. Therefore the Hilbert series of Tix-.q 
is a sub-polynomial of the Hilbert series of &n-Harmonics with coefficients in K. That is 

^dim7rrf(7^x:,)t™<Mi!, (5.6) 
with " denoting coefficient wise inequality. 

Let us reformulate the expansion of (15.11) in the form 

/ = g'(/o + g/i + ■ ■ ■ + g"^) (with each f, e M[x], /, ^ o) 

We call /o the first term of / and denote it "FT(/)". Analogously we say that is the 
last term of / and denote it "LT(/)". The integer m will be called the length of /. We 
also set 

:= £[FT(/) I / G n^..g] and := /:[LT(/) | / G H^.,,] (5.7) 

to respectively stand for the span of first terms of g-harmonics and last terms. Theorem [H] 
has the following remarkable corollary. 

Theorem 7. The three spaces Ti.^, Ti.^ and 'Hyi-q are equivalent as graded &n-modules 
and therefore they are all isomorphic to a submodule of the Harmonics of &n- 

Proof. Since 7Yx;g is an 6„-module, it follows that it has a direct sum decomposition of 
the form 

^x;. = M^'^ (5.8) 

with A varying in the set of partitions of n, and mx yielding the multiplicity of the 
irreducible character (associated to the irreducible representation having dimension 
nx). in the character of Ti^-g. Moreover since 7ix;q is a graded ©^-module. Each of the 
components M^'* can be chosen to consist of homogeneous elements of 7Yx;g the same 
degree. This given, from elementary representation theory it follows that each M'^'* is 
generated (under the action of the group algebra A{&n)) by any one of its elements. 
Thus, we can select an element (p G M^'* from which we get a basis of M'*''* in the form 

{(p, 6^2 ■ V5, 6^3 ■ v9, . . . , 6'„^ ■ (f} 

for suitable elements 6*2,6*3, . . . , 6*^^ G A{&n)- Moreover, up to a re-normalization of ip 
by a power of q, we can suppose that ip is of the form 

V9(x; q) = v9o(x) + qpi{x) H h q'^p^mi^), 
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with ipoi^) and </?m(x) non vanishing. This will imply that all the other elements ip G M'^'* 
will have a g-expansion of the form 

<^(x; q) = e- (^o(x) +qe- ^i(x) + ■ ■ ■ + q'^e ■ (^„,(x) (for some 6 G ^(6„,)) 

with 6 ■ (poi'x) and 6 ■ (fm{^) also non- vanishing. The reason for this is that the irre- 
ducibility of M'^'* forces the element ^/'(x; q) itself to generate M'^'* and if any of these 
two components of 6 ■ ipix) where to vanish then the corresponding component of v^(x) 
would also have to vanish. This establishes explicit graded S„-modules isomorphisms 
between 7ix;g and each of the spaces Ti.^ and H^. Since each element in the space is 
an harmonic polynomial (by virtue of fl5.2[ a)) the proof is completed. □ 

In view of ( 15.80 . this result expresses the dimension of Tix-.q in the form 

dim7Yx;g = ^^"^A^^A < ^^^A — (5-9) 

Ahn Xhn 

thus the single equality dim?ix:g = n\ would imply that 7ix:g affords the regular repre- 
sentation of &n- In particular this would yield that TC^ is none other than the space of 
harmonics of ©„. Since TC^iq is isomorphic to H^, as a graded 6„-module, it would follow 
that Hxiq itself is isomorphic to the space of harmonics of ©„ (as a graded S„-module). 
Thus the Hivert-Thiery conjecture may simply be proved by showing that (15. 9p is in fact 
an equality. 



6. The Kernel of Dk 

The compute the general space Tix of harmonic polynomials, we need to find common 
solutions of the differential equations 

n 

^a,,fcX,5f+^ + 6,,fc9f/(x) = 0. (6.1) 

i=l 

We begin by studying the space of solutions of just one such equation. It develops that 
the corresponding kernel of the operator may be given a precise explicit description 
whenever ai^k d + hi^k 7^ 0, for all G N. Since we will work with a fixed value of /c, we 
will lighten the notation by writing simply Cj instead of ai^k- 

The case k = 1 illustrates all aspects of the method. We construct a set 

{y'" + *i(y'")}reN"-i (6.2) 

which is a basis of the solution set of (16. ip . for /c = 1. Here, is a linear operator 
described below. Let us start with an adapted and reformulated observation of Hivert 
and Thiery [3], Proposition 18]. Simply writing x for x^, and y for the set of variables 
Xi, . . . , Xn-ii we expand / G Mfx] as polynomials in x: 

f = J2fd^^ with/,GM[y]. (6.3) 
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The effect of D I can then be described in the format 



^1 I E /'^^r ) = E + + M/fcH-l] ^- (6.4) 



d 



a\ ] ^ dl 



Setting a := and b := 6„, we now assume that ad + b 0, for all G N. Then, the 
right-hand side of (16.41) vanishes if and only we choose / to be such that 

for all d > 0. Unfolding this recurrence for the f^s, we find that every element of the 
kernel of Di can be written as /o + \E'i(/o), if we define the linear operator as 

m>l ^ ' J™ 

Here we use the notation 

[a; 6]„ := 6 (a + 6) (2 a + 6) ■ ■ • ((m - 1) a + 6). 
This leads to the following theorem. 

Theorem 8. The collection of polynomials y"" + \l/i(y'") is a basis for the kernel of Di. 
In fact, given any polynomial f in the kernel of Di, its expansion in terms of this basis 
is simply obtained as 

f = Y.''r{r + ^i{r)) (6.7) 

r 

with (/ mod x) = J^r^rJ^- 

It follows readily from this theorem that 

Proposition 9. Whenever ad + b ^ for all c? G N, the Hilbert series of the dimension 
of the kernel of Di is 

1 



(1 -t)"-i 

In view of Theorem [2], it follows that the Hilbert series of the kernel of Di is 

In fact, we can get an explicit description of this kernel using (14. 7p . 

We can generalize formula (16.61) to get a description of the kernel of as follows. 
Observe as before that 

=$^[A(/.) + (ad + 6)/,+,]^. (6.9) 

\ d I d 
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For this expression to be zero, we must have 

fd+k = , , , Dkifd), 

ad + 

with the same conditions as before on a and b. This recurrence has a unique solution given 
initial values for fd, < d < k — 1. Clearly these can be fixed at leisure. Substituting 
the solution of the recurrence in /, we get an element of the kernel of Dk if and only if 
/ is of the form 

/ = (/ modx'') + ^kif modx'^), 
with \E'fc the linear operator defined as 

JU_ 1 , 

= E E(-ir r , jf—Tr (6.10) 

[a k;ar + blm [km + r)l 

m>l r=0 ^ ' 

In particular, it follows that the Hilbert series of the kernel of Dj. is 

i^+t + ...t'-')j-^--r. (6.11) 




7. Some explicit harmonic polynomials 



Common zeros of all -D^'s are exactly what we are looking for. Some of these are 
easy to find when the D^s are symmetric. This condition holds for the special cases 
considered in sections [3] and HI 

Now, let A be any partition of n, and consider a tableau r of shape A, this is to say a 
bijection 

r : A — > {1,2, . . . ,n}, 

with A identified with the set of cells of its Ferrers diagram. Recall that, for A = Ai > 
A2 > • • • > Afc > 0, the cells of A are the n pairs in N^, such that 

1 < z < Aj, l<j<k. 

The value T{i,j) is called an entry of r, and it is said to lie in column i of r. The Garnir 
polynomial of a A-shape tableau r, is defined to be 

A^(x) := Yl i^T{i,j) -Xr(Lk))- 
i, j<k 

In other terms, the factors that appear in A^(x) are differences of entries of t that lie in 
the same column. 

Now, define Va to be the linear span of the polynomials A^-, for r varying in the set 
of tableaux of shape A. In formula, 

Va := ]R[A^ I r tableau of shape A}. 

It is well known that this homogeneous (invariant) subspace is an irreducible representa- 
tion of of &n of dimension equal to the number of standard Young tableaux. Moreover, 
in the ring M[x], there exists no isomorphic copy of this irreducible representation lying 
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in some homogeneous component of degree lower then that in which hes Va- It is easy 
to check that the degrees of all of the A^-'s, for a tableau of shape A, are all equal to 

i=l 

which is usualy denoted n{X) in the literature (See [1]). This is the smallest possible 
value for the cocharge of a standard tableau of shape A. This fact has the following easy 
implication. 

Proposition 10. For any tableau r of shape X, the G amir polynomial At^x) is a zero 
of Dk, for k > 1, whenever is symmetric. 

Proof. We need only observe that Dk is a degree lowering morphism of representation. 
Indeed, in view of Schur's lemma, either DkiVx) is isomorphic to Va or it is simply 
reduced to the trivial subspace {0}. In view of the minimality of the degree of Va, only 
the later possibility can occur, and we are done with the proof. □ 

A direct consequence of this is that there is at least one copy of each irreducible 
representation of 6^ in Ti^, when the Dk s are all symmetric. Moreover, under the same 
conditions, we have 

5^/Arw«/f„,(t), 

with denoting coefficient wise inequality. 



8. More dimension estimates 



To explore further possible dimension estimates, we now make use of the dual operators 
Dl, assuming that condition fl2.3|] holds all through this section. Recall that this is true 
for the special cases of sections [3] and IH 

Proposition 11. Let Bn he a homogeneous basis: 

d>0 

with Bd,n = T^diBn), for the space Hy_, with the D^'s satisfying Ii2.3\) . Then every homo- 
geneous degree m polynomial /(x) has an expansion of the form 

m 

/w = E E E ^A,,/^i^w (8-1) 

d=0 gdBd.n \\—m~d 

Proof. We proceed by induction on the degree m of /, observing that the degree case 
holds trivially. It follows readily from definitions that the space ?ix is the orthogonal 
complement of the graded vector space 



k>l 
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From this observation, it follows that every degree d homogeneous polynomial / has an 
expansion of the form 

/(x)= Y. c,g{^) + Y,DlU^) 

a&Bm,n k>l 

with the /fc(x)'s homogeneous polynomials of degree m — k. Applying the induction 
hypothesis to each of the /^'s, we get 

m 

d=0 gGBd,n ct\=m—d 

Proposition [Uguarantees that the composition indexed operators in such an expansion 
can be converted into partition indexed operators D^, completing the proof. □ 

As a corollary we derive the following remarkable identity for the Hilbert series of 
g-harmonics. 

Theorem 12. Let Bn be a homogeneous basis, as in proposition [77], of the space "Hyi-q of 
q-harmonics. Then, denoting by Cd^n the cardinality of Bd^n, we have 

Cd,n=W , (8-2) 
for all d <n, with the right-hand side denoting the coefficient oft''- in [n]\t. 

Proof. Let Pk stands for the number of partitions of k, with parts of size at most n. 
Recall that the generating series for these numbers is 



k>l 



From the expansion in (18. ip it follows that 

« E E = E n (8-3) 



ty 

' m>0 d>0 d>0 k>\ 



On the other hand, for the Hilbert series of ?ix;q: 



d>0 

we have (See (15.61) ) that 

^Cd^nt"^ < [n]t\. 

d>0 

Multiplying both sides of this by Ylii^ ~ t^)~^y and using (18. 3p . we derive that 

m 



1 



E^'^.-Ht^ 

d>0 i>l 

« Ew^'IIt^ti (8-4) 



(1 -t)" ^ ' J- J- i-t 

^ ' d>0 i>l 



d>0 i>l 
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However the simple identity 

1 . " 



forces all inequalities between coefficients to be equalities, when d is between and n. 
This completes our proof. □ 

A refined reading of this proof reveals that we would actually have equality for all d's, 
if we could show that elements of Bn could be chosen so that the all variables appear 
with power less or equal to n — 1. Indeed this would imply that indices of the -D^'s, 
appearing in (18.1 K would involve parts of size at most n. Then (18.31) could be written in 
the stronger fornu 

1 " 1 

^ ' m>0 ci>0 d>0 i=l 

Continuing the argument as in the proof would then lead to the conclusion that these 
three series actually coincide. 



9. A NEW REGULAR SEQUENCE AND A UNIVERSAL DIMENSION BOUND 



The goal of this section is to establish a bound for the dimension of 7^x:g which is valid 
for all values of q. To carry this out we need some auxiliary results from commutative 
algebra. Let F be an algebraically closed field and let 6^1 (x), 6*2 (x), ... ,6'„(x) be homo- 
geneous polynomials of F[x] of respective degrees di,d2, ... ,dn- The following result is 
basic. 

Proposition 13. The polynomials ^i(x),^2(x), ... ,^rt(x) form a regular sequence in 
F[x] if and only if the system of equations 

^i(x) = 0, ^2(x) = 0,..., ^„(x)=0 

has, for x G F*^, the unique solution 

Xi = , X2 = , . . . , Xn = 0. 



Proof. Let us denote 0„ the ideal {61,62, ■ ■ ■ , 6'n)F[x] generated by the 6k ^ in F[x]. If 
6'i(x), 6'2(x), ... , 6'„(x) is a regular sequence, and {mi, m2, . . . , rriM} is a monomial basis 
for the quotient 

F[x]/G„, (9.1) 

then an homogeneous polynomial /(x) G F[x], of degree c?, has a unique expansion of 
the form 

N 

/W = E E c,rm,(x)e-(x)e-(x)---e;"(x), (9.2) 

^Observe that we have here a finite product rather the an infinite one. 
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with Cj-r G F, and r G N". In particular it follows from this that the Hilbert series of the 
quotient in fl9.ip is given by the polynomial 

1 t 

i=l i=l i=l 

Thus 

N = dimF[x]/e„ = did2 ■ ■ ■ dn- 
In addition, from (19.31) we deduce that 

c?max := rfi - 1 + (^2 - 1 H h rfn - 1 = Hiax deg(mj) 

l<t<Ar 

We see from this, and the expansion in (19.21) . that any homogeneous polynomial of degree 
d > (irnax will necessarily be in the ideal G„. In particular for any 1 < i < n we will have 
polynomials Ai-i, Ai.2, ■■■ , A;n G F[x] giving 

xf-+' = A,;i(x)^i(x) + A,2(x)^2(x) + . . . + A,„(x)^„(x) (9.4) 

Now, if for some x' = {x[,x'2, . . . , x^) G F" we have 

ei(x') = , e2(x ) = , . . . , e„(xO = 0, (9.5) 

then (19.41) immediately gives that (x'j)'^'^'^^^^ = 0, hence 

x[ = 0, 4 = 0, . . . , = 0. (9.6) 

This proves "necessity". 

To prove the converse, suppose that (19.51) implies (19.61) . Then the Hilbert NuUstellen- 
satz gives that for some exponents Ni,N2, ... , we must have 

xf G e„. 

In particular this implies that the quotient in (19. ip is finite dimensional and therefore 
6*1 (x), 6*2 (x), . . . , 6'„(x) is a system of parameters. The Cohen-Macaulay-ness of F[x] then 
gives that 6*1 (x), 6*2 (x), ... , 6'„(x) is a regular sequence. This completes our proof. □ 

We next make use of this proposition to study the sequence of polynomials 

n 

<^m(x) := ^1 



CljXj , 
i=l 



for m > 0. More precisely we seek to obtain conditions on the coefficient sequence 

a= (ai,a2, ... ,a„) G F" (9.7) 
which assure that, for a given k > 1, that the polynomials 

V9fc(x), V9fc+i(x), V9fc+„_i(x) 

form a regular sequence in F[x]. 
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We first observe that the polynomials (/^^(x), for m > n, may be expressed in term 
of the (/:>fc(x)'s, for 1 < A; < ra. Indeed, recall that the ordinary elementary symmetric 
functions er(x) may be presented in the form of the identity 

n 

it - - X2) ■ ■ ■ (t - x„) = 5^(-l)'^e,(x) 

r=0 

Setting t = Xi, we obtain 

n 

j](-ire,(x)xr'- = o. 

r=0 

Multiplying both sides by aiX^'"^ and isolating x™, we get 

n 
r=l 

Thus, summing up on the following recurrence results 

n 

(/.^(x) = ^(-l)^+^e,(x) (/^™„,(x). (9.8) 

Unfolding this recurrence, we conclude that lies in the ideal (931, 992, • • • , 9'n)F[xi, for 
all m. 

Remark 1. It is interesting to observe that identity (19.81) yields that 

(/?i(x), V52(x), . . . , </?n(x) (9.9) 

is never a regular sequence when ai + 02 + ■ ■ ■ + a„ = 0. Indeed, setting m = n in (19.81) . 

we get 

^m{^) = ^ v?^_^,(x)(-l)"+^e,(x) + (-l)"+^e„(x)(ai + 02 + • • • + a^) 

■r=l 

and thus the vanishing of ai + a2 + ■ ■ ■ + On forces V5n(x) to vanish modulo the ideal 

(V9i,V92, • • • ,V5n-l)F[x]- g 

Let us now denote 

'■= i^k, • • • , V^fc+n-l)F[x], 

the ideal in F[x] generated by the n polynomials ipeix), with k<i<k + n — 1. We 
also write $„ for Proposition [13] and (19.81) combine to yield the following remarkable 
result. 

Theorem 14. For any k > 1 the sequence 

V9fc(x), V5fc+i(x), ... , (^fc+„_i(x), (9.10) 
is regular if and only if the sequence 

</?i(x), (/?2(x), . . . , </?„(x), (9.11) 

is regular. 
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Proof. Identity (19.81) yields that each element of the sequence in (19.101) is in the ideal 
Thus, if (/9fc(x), (y9fc_|_i(x), ... , (y9fc_|_„_i(x) is regular, it follows from Proposition \T3\ 
that the equalities 

V9fc(x') = 0, V5fe+l(x') = 0, . . . , V9fc+n-l(x') = 0, (9.12) 

with x' G F", force 

x[ = 0, X2 = 0, ...,x'^ = 0. 

But the containement 

{V2fe(x), V5fc+l(x), ... , (Pk+n~l{y^)} C $„, 

yields that the equalities 

<^i(x') = 0, (^2(xO = 0, ... , <^„(x') = 0, 
force the equalities in (19.121) . Hence the regularity of the sequence 

V9i(x), V52(x), . . . , V5„(x) 

follows from (19. 8p . 

Let us now show the converse. To begin note that the replacement Xi i— > and 
identity (19.81) gives 

ipiixl x^ ... , x^) = ^,,(x) e $t (9.13) 

for 1 < i < n. Now, by Proposition ( |T3i) . the regularity of ipi, ip2, ■ ■ ■ yields that the 
equalities 

^piix'l, x^ ... , x^) = 0, ip2ixl x^, . . . , x^) = 0, . . . , </^„(x^ x^, . . . , x^) = (9.14) 
in F", force the equalities 

Xj^^ = 0, X2 = 0, . . . , x„ = 0. 

Hence we also have 

xi = 0, X2 = 0, . . . , x„ = 0. (9.15) 
On the other hand, the containments in (19.131) yield that the equalities 

ipkix'l, X^, . . . , X^) = 0, ipk+l{Xi, x^, . . . , x^) = 0, . . . , ^k+n-iixt X^, . . . , X^) = 

force the equalities in (19.141) and those in turn, as we have observed, force the equal- 
ities in (I9.15p . In summary, using again (19.81) . we can conclude that the regularity of 
(pi,f2, ■ ■ ■ forces the regularity of ipk, V^fc+i, • • • ,fn completing the proof of the the- 
orem. □ 

This given, here and after we need only be concerned with finding conditions on 
ai, 02, ... yttn that assure the regularity of sequence ipi, (^2, • • • , ^n- The following result 
offers a useful criterion. 
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Theorem 15. In the ring¥[x\, the polynomials 

form a regular sequence if and only if we have 

x}'' e (9.16) 
When this happens we have the Hilbert series equalities 

i^F[x]M(t) = [k]t[k + l]f-[k + n-l]t (9.17) 

and, in particular, 

dimF[a;]/$^ = {k){k + 1) ■ ■ ■ {k + n - 1). 

Proof. Since deg{ipi) = z we can use the arguments in the proof of Proposition [T3] with 
di = i and c/max = (2) derive that the regularity of the sequence 

imphes f l9.16p . Conversely, again following the proof of Proposition [131 we see that fl9.16p 
in turn forces the regularity of ipi, ip2, ■ ■ ■ , ^n- The remaining part of the assertion follows 
from Theorem f|T^ and the various identities derived in the proof of Proposition [131 D 

Going along the lines of Remark [T], we are now ready to prove the following charac- 
terization of the aj's for which we have regularity. 



Theorem 16. For k > 1, the sequences 
is regular if and only if we have 

aj, + H h ^ 0, 

for all 1 < ii < 12 < ■ ■ ■ < ik ^ n. 



(9.18) 
(9.19) 



Proof. Theorem [Ml shows that we need only study the case k = 1. Moreover, we have 
seen that the non regularity of 

is equivalent to the existence of a non trivial solution, in the Xj's, of the system 



/Xi X2 ... Xn\ 



XZ 



/"A 

a2 







(9.20) 



Vx^ x^ ... </ \a„/ 

Now, suppose that for some non empty subset J^" of {1, 2, . . . , n} we have X^fcgx = 0. 
Then setting all Xk, for k in K, equal to the same nonzero value, we evidently get a 
non trivial solution of fl9.20l) . Thus we see that the existence of a relation such as fl9.19p 
implies non regularity of the sequences (19.181) . 

To see the reverse implication, we proceed by induction on n, the case n = 1 being 
evident. Suppose that we have a^'s for which (19.180 is not regular. We wish to show 
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the existence of a relation of form (19.191) . with k > 0. We can assume that all Cj's are 
nonzero, since otherwise we are done. Non regularity implies that we have a non trivial 
solution of f l9.20p . in the a^'s. This forces the determinant 

det{x'j)i<ij<n = X1X2 ■■■Xn W{Xi - Xj), (9.21) 

i>j 

to vanish. Hence must have one of the Xi equal to 0, or Xj = Xj for some i ^ j. In the first 
of these cases, we may assume that i = n without loss of generality. We are reduced to the 
n — 1 situation by "restriction" to the hyperplane Xi = 0, and considering the sequence 
(y9j(y), with l<z<n — 1, in the n — 1 variables y, which we get by removing from x 
the variable Xj. Likewise, when Xi = Xj, we restrict to the corresponding hyperplane, 
considering the operators 

(oj + aj)x1' + ^ Qk X™, 
for which we use the induction hypothesis. This completes the proof. □ 



We intend to derive the consequences of this assumption in the theory of g-harmonics. 
First, we simply reformulated every statement modulo the substitution of variables 

(ai,a2, . . . ,an) ^ X = (Xi, X2, . . . , Xn), 

X ^ C = (6,6, • • • ,6), 

and we now have 

K = (^fc(0,<^fc+i(0, ••• ,<^fc+n-l(0)FxK]- 
This given, from Theorem f|T5l) we can derive the following facts about the ring 

Fx[6,6, ••• ,6], 

where now. Fx denotes the field of rational functions in x with coefficients in F. 
Theorem 17. Let 

^2(0, • • • , W(n+1)!(0 

be a monomial basis for the quotient 

Fx[e]/$', 

and let deg(Mj) = di. Then every polynomial /(^) G Fx[^], which is homogeneous of 
degree d, has a unique expansion of the form 

(n+l)! 

/(O = E "^(0 E «.r(x)y.?(0,¥^?(0 ■ ■■Vn-{i). (9-22) 

where the coefficients aj;r(x) are rational functions of ^, for r G N". In particular if 
d > ("+^) then 

/(O = mod (9.23) 
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Proof. Modulo a replacement of variables, we derive from Theorem f|T5l) that the quo- 
tient Fx[^]/$n has a monomial basis consisting of [n + 1)! monomials. This given, once 
such a basis is chosen, the statement concerning the expansion in f l9.22p is a standard 
result from commutative algebra. Finally, from Identity (19.171) it follows that 

(n+l)! 

J2 t'^ = [n + l]t! 

i=l 

Thus each of these monomials has degree at most ("^^) . We then see from (19.221) that if 
/(x) has degree > ("2^), then the coefficient of each Ui must contain one of the cpi. This 
implies (lOSD . □ 

Let us now denote by 2^(x) the algebra of differential operators with coefficients in 
Fx. Moreover, let I^d(x) denote the subspace of I^(x) consisting of operators of order d. 
More precisely we have D G T>d{'x.) if and only if D may be expanded in the form 

D=5^ar(x)9^ (9.24) 

|r|<d 

with coefficients aj.{x.) G Fx such that ar(x) 7^ at least once when |r| = d. We are here 
extending our vectorial notation to operators, so that 

is an operator of order |r| = ri + r2 + . . . + r„. The degree condition in (I9.24p imply that 
the polynomial 

a{D) := J]ar(x)r. 

|r|=d 

does not identically vanish. We will refer to cr{D) as the ^^symhor of D. 

This given, as a corollary of Theorem (fT5l) . we obtain the following basic result for 
Steenrod operators 

Theorem 18. Every operator D G 2^d(x) has an expansion of the form 

(n+l)! 

^ = E E a.r(x)«.(9x)/^[^,I^27,---/^;^ 

where di = deg{ui) and ai;r(x) G Fx. Note that this holds true for any rational value of 



Proof. We can proceed by induction on d. For d = there is nothing to prove. Thus 
let us assume that we have extablished the result up to c? — 1. Assume then that D is as 
in (I9.24P and note that from Theorem [T7] it follows that we may write 

(n+l)! 
^=1 j:k^k{k+l)=d-d. 
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Now, note that if we set 

(n+1)! 

then we will necessarily have the symbol equality 

a(T) = aiD), 

from which it immediately follows that the operator D — T must have order stritly less 
than d. But then the inductive hypothesis yields that D — T has the desired expansion 
and consequently the same must hold true for D as well. This completes the induction 
and the proof. □ 

We may now establish the main goal of this section. 

Theorem 19. For any value of q the dimension of the space of q-Harmonic polynomials 
in X does not exceed {n + 1)\ 

Proof. Our goal is to derive the result by showing that there is a point x' such that any 
polynomial / G TYx:^ is uniquely determined by the value of the (n + 1)! derivatives 

Ml(5x)/(x) , M2(5x)/(x) , . . . ,M(„+i)!(9x)/(x) 

x=x' x=x' 

To this end we apply Theorem [T8l and obtain, for all 1 < r < n and 1 < s < (n + 1)!, 
the expansions 

(n.+l)! 

»=1 T.krk{k+l)<d,+l-di 

Applying both sides of this operator identity to a polynomial / G 7ix:g gives 

(n+1)! 

drUs{d^)f{^) = «&l..,o(x)n.(5x)/(x). (9.25) 

i=l 

Now the construction of the monomial basis ui{^),U2{C), ■ ■ ■ ,U{n+i)\{.C) used in Theo- 
rem f[T^ may be carried out in such a manner that the first n monomials are none other 
than 

ill i2i ■ ■ ■ 1 in- 
In particular it follows from fl9.25p that 

(n+l)! 

drdsfix.)= «!Ad,...,oW«i('9x)/(x), 

1=1 

for all 1 < r, s < n. We can thus write 

(n+1)! (n+1)! 

(x))«.(9x)/(x) + Y •■■ ,o(x)^t'"s(^x)/(x) 

i=l i=l 
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which, using (19.251) again, gives 

(n+l)! 

drdsdtfi^) = (^i«SA...,oW)"^(^x)/(x) + 

i=l 

(n+l)! (n+l)! 

Yl «&A...,oW Yl 4!o,0,...,o(x)Mj(5x)/(x) 

i=l j=l 

We can clearly see that we have here an algorithm for expressing any derivative of /(x) 
linear combinations of the {n + 1)\ derivatives 

Ml(9x)/(x), U2(9x)/(x), ...,U(„+i)!(9x)/(x), (9.26) 

where the coefficients of these expansions are products of the coefficients al^Ql q(x) 
and their successive derivatives. Since differentiation of a rational function affects its 
denominator only by raising its power, it follows that the singularities in these expansion 
are only produced by the zeros of the denominators of the original coefficients a^^Q^ o(^)- 
In other words we can safely evaluate these expansions at any point x' which is not in 
the union of the hypersurfaces where the denominators of o-^q^q q(x) do vanish. Since 
n dimensional space is not the union of a finite number of hypersurfaces. It follows that 
such a point x' can be found with the property that all the derivatives of any / G 7Yx:g 
may be expressed in terms of the derivatives in (I9.26p . It follows by applying the Taylor 
expansion at x' that /(x) itself is determined by these {n + 1)! derivatives and thus 
(n + l)! parameters are sufficient to uniquely determine an element of Tix-.q proving that 
its dimension is at most [n + 1)\ as asserted. □ 



10. Last Considerations 

Further computer experiments suggest that a few other interesting facts seem to hold 
concerning natural variations of the theme discussed in this work. The first one concerns 
the straight forward extension, of questions raised in section [9l to the so called diagonal 
situation. Indeed, in the ring C[x, y] of polynomials in two sets of n variables, with 
y = Hi, . . . ,yn, our experiments suggest that we have 

Conjecture 3. The set of common polynomial zeros of the operators 

i=l 

for all k,j G N such that k + j > 0, is of a bigraded space of dimension {n + 1)"""^, 
whenever we have a = (ai, . . . , a„) such that 

5^ a, 7^0, (10.1) 

for all nonempty subsets K o/{l, . . . 
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Actually, it seems that this bigraded Hilbert series is independent of the choice of the 
long condition fllO.ip holds. Recall here that when all the equal to 1, we 

get the space D„ of diagonal harmonics (see [HE]) for which the bigraded Hilbert series 
is explicitly known. Thus we could refine the conjecture as stating that and Vn are 
isomorphic as graded vector spaces. Among the supporting facts for Conjecture [3], one 
can observe that an immediate consequence of Theorem [15] is that the graded space Ti^ 
of polynomials /(x) such that 

n 

J]a,9,V(x)=0, 
1=1 

for all /c > 1, is of dimension n\ with Hilbert series equal to 

It particular its homogeneous component of maximal degree (= (2) ) is one dimensional. 
Let us choose some vector A^(x) whose span is this maximal degree component. Ob- 
serving that it is closed under derivatives and that its dimension is n\, we must conclude 
that coincides with the linear span of all higher order partial derivatives of A^(x). 
We formulate this as = £a(A^(x)). Now it develops that there is a description for 
the space of a similar flavour, as is shown by Haiman in [2]. To state the relevant 
result, let us introduce the operators 

n 

Ek := ^y^Sx^ 

i=l 

and use the notation £9£;(/(x, y)) for the smallest vector space containing a given 
polynomial /(x, y) and which is closed under partial derivatives and applications of 
the operators E^. Among the various interestring results of Haiman is the fact that 
Vn = £a^£;(A@^(x)). This relies in part on the property of Vn of being closed under 
applications of the E^s. The proof of this property is easily adapted to the context of 
the spaces P^, under no special conditions on a, and it is quite clear that is always 
closed under partial derivatives. To sum up, we arrive at the conclusion that conditions 
fl9.19p imply that £a,£;(A^(x)) is a subspace of V^. In fact, under the hypothesis that 
Conjecture [3] holds, we should have equality. An explicit calculation of the polynomial 
A^(x), say for n = 3 and the a^'s generic, makes apparent some of its nice properties: 

^a(^^^ _ 2x1^X2 2x1^x3 2x2^xi ^ 2x2^x3 

ai (ai + 02) 0,1 (o-i + 03) 02 (fli + 0-2) 0-2 (^2 + os) 
^ 2x3^x1 2x3^X2 _^ 2(a3-a2)a;i^ 

as (ai + 03) 03 (a2 + 03) 3 ai (oi + 02) (o-i + 0.3) 
^ 2 (ai - 03) X2^ _^ 2 (02 - ai) X3^ 
3 02 (ai + 02) (02 + as) 3 03 (ai + as) (02 + 03) 

which is here normalized so that it specializes to the classical Vandermonde determinant 
when all the Oj are set 1. An intriguing observation about this polynomial can be made 
if one considers the a^'s as variables on which S„ acts just as it does on the Xj's. Then 
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one has the expression 

\ai[ai + a2) S ai [ai + a2){ai + as) J 
where := Xlo-eS sign(cr) a stands for the anti-symmetrization operator. 

Another interesting experimental observation concerning the space of common zeros 
of Di and D2 with general operators 

n 

Di := ^aiXidi +bidi, 

i=l 

n 

1=1 

is that there seem to be conditions, similar to (110.11) . for which this space is always 
n ! -dimensionnal . 
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